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ABSTRACT
REDUCING STRUCTURAL ERROR IN FUNCTION GENERATING MECHANISMS
VIA THE ADDITION OF LARGE NUMBERS OF DOUBLE-CRANK LINKAGES
Name: Ali, Hessein
University of Dayton
Advisor: Dr. Andrew P. Murray
This thesis presents a methodology for synthesizing planar linkages to approximate any
prescribed periodic function. The mechanisms selected for this task are the slider-crank
and the geared five-bar with connecting rod and sliding output (GFBS), where any number
of drag-link (or double crank) four-bars are used as drivers. A slider-crank mechanism,
when comparing the input crank rotation to the output slider displacement, produces a
sinusoid-like function. Instead of directly driving the input crank, a drag-link four-bar may
be added that drives the crank from its output via a rigid connection between the two.
Driving the input of the added four-bar results in a function that is less sinusoid-like. This
process can be continued through the addition of more drag-link mechanisms to the device,
progressively altering the curve toward any periodic function with a single maximum. For
periodic functions with multiple maxima, a GFBS is used as the terminal linkage added to
the chain of drag-link mechanisms. The synthesis process starts by analyzing one period
of the function to design either the terminal slider-crank or terminal GFBS. A randomized
local search or MATLAB’s fmincon command is then conducted as the four-bars are added
iii
to minimize the structural error between the desired function and the input-output function
of the mechanism. These two optimization techniques are used to acquire the best results
of the structural error. Mechanisms have been “grown” in this fashion to dozens of links
that are capable of closely producing functions with a variety of intriguing features.
iv
To my family
v
ACKNOWLEDGMENTS
First, I would like to express my sincere gratitude to my advisers Dr. Murray and Dr.
Myszka for their continuous support of my M.S. study and related research. I thank them
for their patience, motivation, and immense knowledge. Their guidance has helped me in
all the time of researching and writing this thesis document. I could not have imagined
having better advisers and mentors for my M.S. study.
I would also like to express my sincere appreciation and utmost gratitude to the Ministry
of Higher Education of Libya and the University of Benghazi for supporting me in my studies
and research at the University of Dayton.
In addition, I would like to thank everyone in the Design of Innovative Machines Lab
at the University of Dayton. I enjoyed working and having the opportunity to share ideas
with all of you. A special thanks to Ali Almandeel and Saleh Almesteri who have helped
me a lot throughout my coursework and research.
Finally, I would like to thank my family: my parents, brothers, and sister for supporting
me spiritually throughout writing this thesis and my life in general. A sincere gratitude
also goes to everyone who has prayed for my success during my studies.
vi
TABLE OF CONTENTS
ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
DEDICATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi
LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix
LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii
I. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Proposed Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 The Use of Function Generation . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Review of Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.5 Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
II. COMPONENT MECHANISMS . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.1 The Terminal Slider-Crank Mechanism . . . . . . . . . . . . . . . . . . . 11
2.1.1 Analysis of the Terminal Slider-Crank Mechanism . . . . . . . . . 12
2.1.2 Rotatability of the Terminal Slider-Crank Mechanism . . . . . . . 13
2.1.3 Design of the Terminal Slider-Crank Mechanism . . . . . . . . . . 13
2.2 The Terminal Geared Five-Bar with Connecting Rod and Sliding Output
(GFBS) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2.1 Analysis of the Terminal Geared Five-Bar with Connecting Rod
and Sliding Output . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.2.2 Rotatability of the Terminal Geared Five-Bar with Connecting Rod
and Sliding Output . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.2.3 The Relation between Gear Ratio and the Input-Output Curve . . 19
2.3 The Additional Drag-Link Mechanism . . . . . . . . . . . . . . . . . . . . 20
2.3.1 Analysis of the Additional Drag-Link Mechanism . . . . . . . . . . 21
vii
2.3.2 Rotatability of the Additional Drag-Link Mechanism . . . . . . . 22
2.4 Structural Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
III. SYNTHESIS METHODOLOGY . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.1 The Methodology Applied for the Best Match of Arbitrary Periodic Functions 24
3.2 Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.2.1 Local Random Search . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.2.2 MATLAB’s Fmincon Command . . . . . . . . . . . . . . . . . . . 29
IV. SYNTHESIS EXAMPLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.1 A Piecewise-Linear Function with a Single Maximum per Period – Slider-
Crank Terminal Chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2 A Piecewise-Linear Function with a Single Maximum per Period – GFBS
Terminal Chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.3 A Second Function with a Single Maximum per Period . . . . . . . . . . 41
4.4 A Third Function with a Single Maximum per Period . . . . . . . . . . . 42
4.5 A Periodic Function with Two Maxima . . . . . . . . . . . . . . . . . . . 50
4.6 A Periodic Function with Three Maxima . . . . . . . . . . . . . . . . . . 52
4.7 A Periodic Function with Ten Maxima . . . . . . . . . . . . . . . . . . . . 56
4.8 A Complicated Single Maximum Periodic Function . . . . . . . . . . . . . 60
4.9 A Complicated Two Maximum Periodic Function . . . . . . . . . . . . . 61
4.10 A Challenging Periodic Function . . . . . . . . . . . . . . . . . . . . . . 63
V. CONCLUSIONS AND FUTURE WORK . . . . . . . . . . . . . . . . . . . . . 66
5.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
viii
LIST OF FIGURES
1.1 The chain of drag-link mechanisms added to a terminal slider-crank mecha-
nism used to produce any single maximum period function. . . . . . . . . . 2
1.2 The chain of drag-link mechanisms added to a terminal GFBS used to gen-
erate any multiple maxima period function. . . . . . . . . . . . . . . . . . . 3
1.3 a foot trashcan function generation [1]. . . . . . . . . . . . . . . . . . . . . . 4
1.4 (a) A slider-crank mechanism [2]. (b) A mechanical press [3]. . . . . . . . . 5
1.5 The slider-crank mechanism utilized in internal combustion engines [4]. . . . 6
1.6 An example of four-bar function generation [5]. . . . . . . . . . . . . . . . . 7
2.1 The vector loop of the offset slider-crank mechanism. . . . . . . . . . . . . . 12
2.2 (a) A slider-crank mechanism at the top dead center. (b) A slider-crank
mechanism at the bottom dead center. . . . . . . . . . . . . . . . . . . . . . 14
2.3 The vector loop of the geared five-bar mechanism with a connecting rod and
a sliding output. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4 (a) An input-output function having seven maxima with an inflection point.
(b) The same input-output function with no inflection points. . . . . . . . . 20
2.5 The vector loop of the drag-link mechanism. . . . . . . . . . . . . . . . . . . 21
2.6 An example illustrates how the structural error is calculated in this work. . 23
3.1 The process of designing a chain of drag-link mechanisms added to a terminal
slider-crank mechanism to generate any single maximum periodic function. 26
ix
3.2 The process of designing a chain of drag-link mechanisms added to a terminal
GFBS to generate any multiple maximum periodic function. . . . . . . . . . 28
3.3 The process of designing the terminal slider-crank with additional drag-links
to generate any single maximum periodic function. . . . . . . . . . . . . . . 31
3.4 The process of synthesizing the terminal GFBS with additional drag-links to
generate any multiple maxima periodic function. . . . . . . . . . . . . . . . 32
4.1 The piecewise-linear single-maximum period and the improvement in struc-
tural error as the number of four-bars driving the slider-crank increases –
local random search optimization technique. . . . . . . . . . . . . . . . . . . 34
4.2 A slider-crank driven by eight drag-link mechanisms to produce the desired
function shown in Fig. 4.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.3 The CAD model of the slider-crank driven by eight drag-link mechanisms is
shown to produce a period very close to the desired piecewise-linear curve. . 35
4.4 The desired piecewise-linear function and the input-output functions using
slider-crank only and a slider-crank driven by ten four-bars – MATLAB’s
fmincon command optimization technique. . . . . . . . . . . . . . . . . . . . 36
4.5 The desired piecewise-linear function and the input-output functions gener-
ated for several GFBS cases – local random search optimization technique. 38
4.6 The desired piecewise-liner function and the input-output functions gener-
ated for several GFBS cases – MATLAB’s fmincon command optimization
technique. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.7 The desired function, the slider-crank output, and the curve generated using
the proposed method resulting in the addition of 10 drag-link mechanisms –
local random search optimization technique. . . . . . . . . . . . . . . . . . . 41
4.8 The desired function and the input-output functions using an initial guess at
the GFBS and the GFBS optimized with nine drag-link mechanisms – local
random search optimization technique. . . . . . . . . . . . . . . . . . . . . . 43
4.9 The desired function, the slider-crank output, and the curve generated using
the proposed method resulting in the addition of 8 drag-link mechanisms –
local random search optimization technique. . . . . . . . . . . . . . . . . . . 44
x
4.10 The desired function, the slider-crank output, and the curve generated using
the proposed method resulting in the addition of 9 drag-link mechanisms –
MATLAB’s fmincon command optimization technique. . . . . . . . . . . . . 46
4.11 The desired function and the input-output functions using an initial guess at
the GFBS and the GFBS optimized with six drag-link mechanisms – local
random search used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.12 The desired function and the input-output functions using an optimized
GFBS only and an optimized GFBS with fifteen drag-link mechanisms –
MATLAB’s fmincon command used. . . . . . . . . . . . . . . . . . . . . . . 49
4.13 The desired function having two maxima and the input-output functions
using a non-optimized GFBS and an optimized GFBS with a chain of drag-
links – local random search optimization technique. . . . . . . . . . . . . . . 50
4.14 The desired function having two maxima and the input-output functions
using all possible choices of the gear ratio. . . . . . . . . . . . . . . . . . . . 51
4.15 The desired function having three maxima and the input-output functions
using a non-optimized GFBS and an optimized GFBS with a chain of drag-
links – local random search optimization technique. . . . . . . . . . . . . . . 53
4.16 The desired function having three maxima and the input-output functions
using an optimized GFBS with a chain of drag-links – MATLAB’s fmincon
command optimization technique. . . . . . . . . . . . . . . . . . . . . . . . . 55
4.17 The desired function having ten maxima and the input-output functions using
a non-optimized GFBS and an optimized GFBS with a chain of drag-links –
local random search optimization technique. . . . . . . . . . . . . . . . . . . 57
4.18 The desired function having ten maxima and the input-output functions us-
ing an optimized GFBS with a chain of drag-links – MATLAB’s fmincon
command optimization technique. . . . . . . . . . . . . . . . . . . . . . . . . 59
4.19 The desired function having a single maximum and the input-output func-
tions using an optimized GFBS with a chain of drag-links – MATLAB’s
fmincon command used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.20 The desired function having two maxima and the input-output functions
using an optimized GFBS with a chain of drag-links – MATLAB’s fmincon
command used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
xi
4.21 The desired function having four maxima proved difficult to match using the
proposed technique – local random search utilized. . . . . . . . . . . . . . . 64
4.22 The desired function having four maxima proved difficult to match using the
proposed technique – MATLAB’s fmincon command utilized. . . . . . . . . 65
xii
LIST OF TABLES
2.1 The link dimensions of the two GFBS mechanisms whose outputs are shown
in Fig. 2.4(a) and Fig. 2.4(b). . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.1 Design optimization parameters . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.1 The link dimensions of the slider-crank and eight drag-link mechanisms that
best matches the desired function shown in Fig. 4.1. . . . . . . . . . . . . . 35
4.2 The link dimensions of the slider-crank and ten drag-link mechanisms that
best matches the desired function shown in Fig. 4.4. . . . . . . . . . . . . . 37
4.3 The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.4 The link dimensions of the 14 added drag-link mechanisms producing the
best fit shown in Fig. 4.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.5 The link dimensions of the two GFBS mechanisms whose outputs are shown
in Fig. 4.6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.6 The link dimensions of the 4 added drag-link mechanisms producing the best
fit shown in Fig. 4.6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.7 The link dimensions of the slider-crank and ten drag-link mechanisms that
best matches the desired function shown in Fig. 4.7. . . . . . . . . . . . . . 42
4.8 The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
xiii
4.9 The link dimensions of the 9 added drag-link mechanisms producing the best
fit shown in Fig. 4.8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.10 The link dimensions of the slider-crank and eight drag-link mechanisms that
best matches the desired function shown in Fig. 4.9. . . . . . . . . . . . . . 45
4.11 The link dimensions of the slider-crank and nine drag-link mechanisms that
best matches the desired function shown in Fig. 4.10. . . . . . . . . . . . . . 46
4.12 The link dimensions of the 6 added drag-link mechanisms producing the best
fit shown in Fig. 4.11. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.13 The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.11. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.14 The link dimensions of the 15 added drag-link mechanisms producing the
best fit shown in Fig. 4.12. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.15 The link dimensions of the two GFBS mechanisms whose outputs are shown
in Fig. 4.12. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.16 The link dimensions of the 13 added drag-link mechanisms producing the
best fit shown in Fig. 4.13. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.17 The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.13. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.18 The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.15. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.19 The link dimensions of the 6 added drag-link mechanisms producing the best
fit shown in Fig. 4.15. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.20 The link dimensions of the 4 added drag-link mechanisms producing the best
fit shown in Fig. 4.16. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.21 The link dimensions of the two GFBS mechanisms whose outputs are shown
in Fig. 4.16. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
xiv
4.22 The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.17. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.23 The link dimensions of the 11 added drag-link mechanisms producing the
best fit shown in Fig. 4.17. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.24 The link dimensions of the 5 added drag-link mechanisms producing the best
fit shown in Fig. 4.18. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.25 The link dimensions of the two GFBS mechanisms whose outputs are shown
in Fig. 4.18. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.26 The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.19. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.27 The link dimensions of the 10 added drag-link mechanisms producing the
best fit shown in Fig. 4.19. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.28 The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.20. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.29 The link dimensions of the 9 added drag-link mechanisms producing the best
fit shown in Fig. 4.20. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
xv
CHAPTER I
INTRODUCTION
1.1 Motivation
The goal of this work is to approximate any desired periodic motion from an output slider
given an input link rotating with a constant angular velocity. Moreover, the mechanism
designed to connect the input link to the output slider may only be composed of rigid bodies
and revolute joints. In certain cases, a gear pair (with an idler) is permitted. Finally, the
mechanism is required to be one degree of freedom using only the rotation of the input link
to drive all of the motion throughout.
Although the synthesis process formulated in this thesis may use any desired periodic
function as an output, a mechanism that exactly generates the desired function is not possi-
ble. Instead, the process allows the mechanism to become more complicated to increasingly
do a better job of matching the desired function. In many of the test cases, the generated
mechanism produces an excellent match when compared to standard function generating
synthesis algorithms. Erdman et al. [5] define function generation as the correlation of an
input motion with an output motion of a mechanism.
1
1.2 Proposed Solution
This thesis explores the design of mechanisms using function generation to approximate
any prescribed periodic function. The mechanisms selected for this task are the slider-
crank, geared five-bar with connecting rod and sliding output (GFBS), and drag-link (or
double crank) four-bar used in specific combinations. A slider-crank mechanism consists
of an input crankshaft, a connecting rod, and an output piston. As the crankshaft makes
full rotations, the output piston produces periodic curves similar to a sine wave. A drag-
link mechanism consists of four links with the input and output links capable of making a
complete rotation. Using the output of the drag-link to drive the input of the slider-crank
distorts the periodic curve it produces. As the addition of a single drag-link to a slider-crank
distorts the output curve a modest amount, the addition of a large number of drag-links
(with the output of one driving the input of the next) can distort the original curve toward
any periodic function with a single maximum. The final mechanism will have the slider-
crank as a terminal linkage driven by a chain drag-link four-bars. The final mechanism that
is capable of generating curves to best match any single maximum periodic function can be
seen in Fig. 1.1. If the desired periodic function has multiple maxima, a GFBS is used as a
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Figure 1.1: The chain of drag-link mechanisms added to a terminal slider-crank mechanism
used to produce any single maximum period function.
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terminal linkage instead of using a terminal slider-crank, noting it can also be implemented
in the case where a single maximum periodic function is desired. Here the final mechanism
will have the GFBS as a terminal mechanism driven by a chain of drag-link four-bars. The
final mechanism that is capable of producing curves to best match any multiple maximum
periodic function is shown in Fig. 1.2.
The synthesis process starts by analyzing one period of the function to determine link
lengths for either the terminal slider-crank or the terminal GFBS. After this, a randomized
local search or MATLAB’s fmincon command is conducted as the four-bars are added to
minimize the structural error between the desired function and the input-output function
of the mechanisms. The match between the desired curve and the curve produced by the
chain of mechanisms is called the structural error. As the chain of drag-link mechanisms
increases in number, the structural error generally reduces.
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Figure 1.2: The chain of drag-link mechanisms added to a terminal GFBS used to generate
any multiple maxima period function.
3
1.3 The Use of Function Generation
An example of function generation is synthesizing a four-bar linkage to produce the
function y = f(x), where x represents the motion of the input link and y is the desired
motion of the output rocker. Another example is a foot trashcan shown in Fig. 1.3, in
which a trashcan lid is connected by a link to the foot pedal. The function generation in
this application is the relative rotation between the lid (the output) and the foot pedal (the
input). The lid is frequently desired to open more than 90◦ in order to avoid having the
lid in the way of the entrance, while a small rotation is desired for the foot pedal. Other
 
Input 
Output 
Figure 1.3: a foot trashcan function generation [1].
examples are a windshield wiper mechanism that is a result of a rotation in and oscillation
out, and a slider-crank mechanism that is rotation in and translation out, or vice versa.
A slider-crank mechanism shown in Fig. 1.4(a) is the primary mechanism used in function
generation of a rotary input and linear sliding output. The rotation of the crank φ is
considered the input, and the translation of the slider S is the output. The fundamentals
4
of function generation, particularly its use in designing slider-crank and four-bar linkages,
are presented in most machine theory texts [6, 7, 8].
Function generating mechanisms are used in mechanical presses utilized for metal stamp-
ing operations, as shown in Fig. 1.4(b). A mechanism within a stamping press moves a ram
(a) (b)
Figure 1.4: (a) A slider-crank mechanism [2]. (b) A mechanical press [3].
that applies pressure to a sheet of metal, bending it into a desired shape. Sheet metal parts
are widely used and range from simple clips and hinges to complex automotive body panels
and computer hard drive components. Although an exact output function is not necessarily
realized in this application, the press still serves to turn the roughly constant input rotation
into a sinusoid-like output motion of the ram. Another application of function generation
is internal combustion engines that require a piston to move through a specified distance
while the crankshaft constantly rotates. This application is an inversion of the slider-crank,
where the input is the translation of the piston while the output is the rotation of the crank.
5
However, there is still an input-output relationship between the rotation of the crankshaft
and the motion of the piston. A slider-crank used in an internal combustion engine can
be seen in Fig. 1.5. Another application of function generation is a linkage to connect the
 
Figure 1.5: The slider-crank mechanism utilized in internal combustion engines [4].
steering location of the front wheels of a vehicle with the relative speed that would avoid
abrasion of both wheels during rotation. The input here is the steering arm and the output
might control the relative speed of the two wheels using a potentiometer adjustment [5].
An example of four-bar function generation is shown in Fig. 1.6. The example shows
a hand-actuated wheelchair braking mechanism in the neutral position, as depicted in
Fig. 1.6(a) and the engaged position, as shown in Fig. 1.6(b). The four-bar is used to
transform the pushing force applied on the handle to a force applied by the brake pad onto
the wheel.
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(a) Wheel chair brake in neutral position (b) Wheel chair brake in engaged position
Figure 1.6: An example of four-bar function generation [5].
1.4 Review of Related Work
A slider-crank is not capable of error-free generation of an arbitrary function. In practice,
precision points are chosen along the desired function to produce a list of N discrete input
versus output values. A slider-crank linkage is able to achieve, at most, five precision points.
As solutions to the five precision point problem typically divide between circuits or lack a
fully rotating input, Almandeel et al. [2] introduced a defect-free approach to achieve four
precision points. For more than five points, structural error is a certainty [9]. Structural
error is defined as the difference between the desired function and the actual function
generated by the mechanism [5]. Freudenstein developed a technique for locating more
than five precision points while minimizing structural error in four-bar mechanisms [10].
More precision points are achievable through the introduction of mechanical adjustments
and, hence, additional design parameters in the mechanism. Naik and Amarnath [11] syn-
thesized adjustable four-bar function generators utilizing five-bar loop closure equations.
Sandor [12] synthesized adjustable linkages for function generation by modifying the fixed
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pivot locations. Soong [13] presented a methodology to synthesize four-bar function genera-
tion mechanisms to achieve any number of precision points utilizing variable length driving
links. One approach to achieve more precision points is to use a mechanism with more
links, providing additional design parameters. Subbian and Flugrad [14] used a continua-
tion method to synthesize eight-bars to produce six precision points. McLarnan [15] used
an iterative solution technique to design Watt and Stephenson six-bar linkages to achieve
eight precision points. Dhingra et al. [16] employed continuation with m-homogenization to
reduce the number of tracked solutions to design the same. Dhingra and Mani [17] applied
symbolic computing to synthesize Watt and Stephenson mechanisms, deriving closed-form
solutions and handling as many as 11 finitely separated precision points.
Links may also be added to a mechanism via the introduction of a drag-link four-bar.
A drag-link is the special case of four-bar mechanisms, with the ground link being the
shortest and the other links dimensioned such that both the input and output link fully
rotate. A variety of uses, including altering the outputs of cam-follower, quick-return and
dwell mechanisms, is presented by Al-Dwairi and the references therein [18]. Hwang et
al. [19] designed a drag-link that drives a slider-crank mechanism in a mechanical press for
precision drawing.
A second approach to introduce design parameters is through the use of gears within
the mechanism. Geared five-bar mechanisms (GFBMs) were investigated for their use in
function generation by Oleksa and Tesar [20] and Erdman and Sandor [21]. Subbian and
Flugrad [14] synthesized geared five-bars to produce seven precision points. Sultan and
Kalim [22] synthesized geared five-bar slider-crank mechanisms in which the gears are
mounted on the moving pivots. For the kinematic properties of GFBMs with arbitrary
gear ratios, see Freudenstein [23] and Primrose [24].
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The theory of mechanisms for the generation of arbitrary plane curves was presented
by Artobolevskii [25]. In his book, he addressed the generation of mechanisms for algebraic
curves and transcendental curves. The synthesis of mechanisms was studied for algebraic
curves up to fourth order degree. For algebraic curves with higher degrees, certain types
only, such as parabolic and hyperbolic, were examined. The method applied in the mono-
graph was called geometro-algebraic because of the combination of geometric construction
and the analytical theory of curves. The book also included the history of the development
of the theory of mechanisms for the generation of curves.
The nonlinear design challenge associated with function generating mechanisms also
makes them an ideal testbed for optimization algorithms. Several methods can already be
seen in the citations above. In addition, Southerland and Roth [26] utilized an improved
least-squares method, Chen and Chan [27] applied Marquardt’s compromise technique,
Sarganachari [28] a variable topology approach, Norouzi [29] used a gradient-based SQP
method, and Akcali and Dittrick used Gelerkin’s Method [30]. In this work, two methods
are performed to ideally select the design variables for all three mechanisms used. The first
method is a local random search technique. This method is easily implemented optimization
technique that simply improves a guess by adjusting it toward the local extrema. The
second technique is MATLAB’s fmincon command. This command minimizes a user-defined
multivariable function subject to constraints. The objective function of the two methods
utilized in this work is the resulting structural error.
1.5 Organization
This thesis presents a technique for reducing the structural error in function generating
mechanisms via the addition of large numbers of four-bars. The two terminal mechanisms
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in the chains under consideration are the slider-crank and the geared five-bar with connect-
ing rod and sliding output (GFBS). The remainder of the thesis is organized as follows.
Chapter 2 details the design of the three component mechanisms used: the slider-crank, the
geared five-bar with connecting rod and sliding output (GFBS), and the drag-link four-bar.
Chapter 3 presents the methodology applied for the best match of any single or multiple
maxima prescribed periodic functions. The slider-crank as a terminal mechanism is only
used to generate periodic functions with a single maximum, whereas the GFBS as a ter-
minal linkage can be implemented to create one or more maxima. A variety of example
synthesis problems are then included in Chapter 4. Finally, the conclusions and future work
are introduced in Chapter 5.
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CHAPTER II
COMPONENT MECHANISMS
This chapter introduces the analysis of the three component mechanisms utilized: the
slider-crank mechanism, the geared five-bar with connecting rod and sliding output (GFBS),
and the drag-link mechanism. In kinematic analysis, links or rigid bodies, are represented
by vectors. Equations formed using these vectors are called vector loops. Design variables
can be obtained by solving the vector loop equations.
2.1 The Terminal Slider-Crank Mechanism
Many applications require reciprocating machines with the motion of one of the compo-
nents to be along a straight line. Compressors and engines require a piston to pass through
an accurate distance, the stroke, while the input-crank rotates. A slider-crank is frequently
utilized in these applications. Figure 2.1 illustrates an offset slider-crank mechanism. The
term “offset” means that the crank pivot is not on the sliding axis line. The motion of
the crank and the connected rod is not symmetric about the axis of slide because of this
offset. Thus, the crank angle needed to perform the forward stroke differs from the crank
angle required for the backward stroke. In addition, an offset slider-crank produces a quick
return [31].
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Figure 2.1: The vector loop of the offset slider-crank mechanism.
2.1.1 Analysis of the Terminal Slider-Crank Mechanism
Given any periodic function with a single maximum, a slider-crank can be designed to
provide an initial approximation to the function. The vector loop of the slider-crank is
as
{
cos (θ2 − δ)
sin (θ2 − δ)
}
+ bs
{
cos θ3
sin θ3
}
+
{ −S
cs
}
= 0, (2.1)
where as and bs are link lengths, and cs, the distance between the fixed crank pivot and
the horizontal axis of sliding (the offset). The offset can be positively valued (downward, as
shown) or negative (upward). Additionally, S is the slider position (positive to the right),
θ2 and θ3 are joint variables, and δ is an offset angle that shifts the input-output function
left or right. The function associated with the slider-crank is then S versus θ2.
Given a (set of physical parameters for a slider-crank) and θ2, the unknowns are the
angle θ3 and the slider displacement S. The slider displacement is
S = −Ds ±
√
Ds
2 − Fs (2.2)
where Ds = −as cos (θ2 − δ) and Fs = Ds2 + (cs + as sin (θ2 − δ))2 − bs2. A curve may
be generated using Eq. (2.2) indicating the value of S as a function of θ2. Also, note from
Eq. (2.2) that solutions for S occur as two real values or a complex pair. A complex solution
is associated with a linkage is unable to be positioned at the designated θ2.
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2.1.2 Rotatability of the Terminal Slider-Crank Mechanism
Rotatability is the ability of one of the links in a mechanism to make a complete revo-
lution with respect to the other links. In the case that bs > as + |cs| and as < bs − |cs|, the
input link fully rotates. For this case, S in Eq. (2.2) is real with one value being positive
and one negative. This work only examines the positive value. Thus, driving θ2 over the
range of 2pi produces one period of a repeating curve with a single maximum per period.
2.1.3 Design of the Terminal Slider-Crank Mechanism
Given a desired function with a period of 2pi and a single maximum, (θ2, S) denotes the
location of the period’s maximum. Likewise, (θ2, S) corresponds to the period’s minimum.
Should the period have a horizontal line segment as a maximum or minimum, the midpoint
may be used for either of the values. Given a slider-crank with a fully rotating input, S is
achieved when θ2 − δ = θ3 as shown in Fig. 2.2(a) and S when θ3 = θ2 − δ + pi as depicted
in Fig. 2.2(b). Substituting these conditions into Eq. (2.1),
as
{
cos
(
θ2 − δ
)
sin
(
θ2 − δ
) }+ bs{ cos (θ2 − δ)sin (θ2 − δ)
}
+
{ −S
cs
}
= 0, (2.3)
as
{
cos (θ2 − δ)
sin (θ2 − δ)
}
+ bs
{
cos (θ2 − δ + pi)
sin (θ2 − δ + pi)
}
+
{ −S
cs
}
= 0.
Equation. (2.3) can be written as:
(as + bs)
{
cos
(
θ2 − δ
)
sin
(
θ2 − δ
) } = { S−cs
}
, (2.4)
(as − bs)
{
cos (θ2 − δ)
sin (θ2 − δ)
}
=
{
S
−cs
}
.
From Eq. (2.4), the quantity (as + bs) and (as − bs) can be expressed as:
as + bs =
S
cos
(
θ2 − δ
) = −cs
sin
(
θ2 − δ
) , (2.5)
as − bs = S
cos (θ2 − δ)
=
−cs
sin (θ2 − δ)
.
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Figure 2.2: (a) A slider-crank mechanism at the top dead center. (b) A slider-crank mech-
anism at the bottom dead center.
To find δ, cs in Eq. (2.5) is written as:
cs = −
S sin
(
θ2 − δ
)
cos
(
θ2 − δ
) = −S sin (θ2 − δ)
cos (θ2 − δ)
. (2.6)
Equation. (2.6) is now used to find δ. Solving for δ yields
δ = tan−1
(
−Bs ±
√
Bs
2 − 4AsCs
2Cs
)
, (2.7)
where
As = S sin θ2 cos θ2 − S sin θ2 cos θ2,
Bs =
(
S − S) (sin θ2 sin θ2 − cos θ2 cos θ2) , (2.8)
Cs = S cos θ2 sin θ2 − S cos θ2 sin θ2.
Having δ, the value as can be obtained by adding the quantities (as + bs) and (as − bs) in
Eq. (2.5) while bs is obtained by subtracting the quantities (as + bs) and (as − bs) in the
same equation. The remaining design variables are
as =
1
2
(
S
cos
(
θ2 − δ
) + S
cos (θ2 − δ)
)
, (2.9)
bs =
1
2
(
S
cos
(
θ2 − δ
) − S
cos (θ2 − δ)
)
.
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Given that the value of Bs
2 − 4AsCs ≥ 0 in Eq. (2.7), δ has two potential values. Both are
checked and the one resulting in the mechanism that matches θ2, S, θ2, and S is selected.
The value Bs
2 − 4AsCs can be negative when the difference between θ2 and θ2 is small
(relative to the corresponding difference between S and S). If Bs
2 − 4AsCs < 0, Eqs. (2.7)
and (2.9) produce complex values. In this case, calculate d, the minimum distance separating
θ2 and θ2 that will produce real values for the parameters. The minimum difference between
θ2 and θ2 occurs when Bs
2 − 4AsCs = 0. The minimum difference is
d = cos−1
(√−Cm +Am
2Am
)
(2.10)
where
Am =
S
2
+ S2 + 2SS
2
, (2.11)
Cm =
S
2
+ S2 − 6SS
2
.
After determining d, θ2 and θ2 are adjusted apart equally to find the corresponding mech-
anism. Equation. (2.10) produces two potential values for d. Both are checked in order
to select the proper one. Another consideration is that the values of as and bs determined
by Eq. (2.9) may be negative. The mechanism is still physically realizable noting that the
line segment between the joints is 180◦ different from the the joint values in the equation.
The determined values for cs, as, and bs always define a fully rotating input link due to the
assumptions resulting in Eq. (2.3).
2.2 The Terminal Geared Five-Bar with Connecting Rod and Sliding
Output (GFBS)
The four-bar linkage is a typical one degree of freedom (DOF) device used to provide
complex motion. Designers consider using it first because of the simplicity of the device.
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However, there are many cases when a more complicated motion is desired. Multiple max-
ima per period cannot be achieved with a slider-crank. Adding one link to the four-bar
device forms a five-bar linkage with two degrees of freedom. The degree of freedom of the
five-bar can be reduced to one by adding a pair of gears that restricts the two links, pivoted
to the ground, together. Geared five-bar mechanisms (GFBMs) provide complicated mo-
tions compared to four-bar linkages. A GFBS is shown in Fig. 2.3 and can create a single
period with any number of maxima due to the gears being able to have any rational number
ratio.
2.2.1 Analysis of the Terminal Geared Five-Bar with Connecting Rod
and Sliding Output
The two vector loops needed to analyze the GFBS are
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Figure 2.3: The vector loop of the geared five-bar mechanism with a connecting rod and a
sliding output.
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ag
{
cos (θ2 − δ)
sin (θ2 − δ)
}
+ bg
{
cos θ3
sin θ3
}
− cg
{
cos θ4
sin θ4
}
−dg
{
cos θ5
sin θ5
}
−
{
fg
0
}
= 0,
(2.12)
and
ag
{
cos (θ2 − δ)
sin (θ2 − δ)
}
+ bg
{
cos θ3
sin θ3
}
+ hg
{
cos θ6
sin θ6
}
−
{
fg + S + So
tg
}
= 0. (2.13)
where ag, bg, cg, dg, and fg are positively valued link lengths and tg, the distance between
the fixed crank pivot and the horizontal axis of sliding, can be positively valued (upward,
as shown) or negative (downward). Additionally, S is the slider position (positive to the
right), and is measured from an arbitrary location given by S0. Note that the value of S0
can be manipulated to shift the output displacement values of the mechanism vertically on
a plot of S as a function of θ2. A similar strategy (involving an S0 term) is not needed in
the case of the slider-crank because the terminal mechanism is sized to directly match the
extrema of the desired period. The angles θ2, θ3, θ4, θ5 and θ6 are joint variables, and δ is
an offset angle that shifts the input-output function left or right.
Links ag and dg obey an additional relationship due to the geared relationship,
θ5 = λ (θ2 − δ) + φ (2.14)
where φ is an initial angular offset of link dg and λ is the gear ratio which can be any
negative rational number via a direct meshing of the gears or positive by introducing an
idler.
Given a (set of physical parameters for a GFBS) and θ2, the unknowns are the angles
θ3, θ4, θ5, θ6, and the slider displacement S. The value of angle θ3 is
θ3 = 2 tan
−1
−Mg ±
√
Mg
2 − 4LgNg
2Lg
 , (2.15)
where
Lg = Kg −Gg,Mg = 2Hg, Ng = Gg +Kg, (2.16)
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and
Gg = 2bg (ag cos (θ2 − δ)− dg cos θ5 − fg) ,
Hg = 2bg (ag sin (θ2 − δ)− dg sin θ5) , (2.17)
Kg = ag
2 + bg
2 − cg2 + dg2 + fg2 − 2agfg cos (θ2 − δ)
− 2dg (a cos (θ2 − δ)− fg) cos θ5 − 2agdg sin (θ2 − δ) sin θ5.
With θ3, Eq. (2.13) has the two unknowns θ6 and the quantity S + S0. Solving for
S + S0,
S + S0 = Dg ±
√
Dg
2 − Cg (2.18)
where
Dg = ag cos (θ2 − δ) + bg cos θ3 − fg (2.19)
Cg = Dg
2 + (ag sin (θ2 − δ) + bg sin θ3 − tg)2 − hg2.
θ6 is not determined because it is unused in the analysis.
2.2.2 Rotatability of the Terminal Geared Five-Bar with Connecting Rod
and Sliding Output
To ensure full rotation of link ag, a sufficiency condition presented by Ting [32] is used.
Let the link lengths ag, bg, cg, dg, and fg be arranged in an ascending order. The ordered
link lengths are then labeled L1, L2, L3, L4 and L5. The shortest two links, ag and dg by
design in this case, make a complete revolution if
L1 + L2 + L5 < L3 + L4 (2.20)
If the inequality of Eq. 2.20 is not true, the chance of a fully rotating link is then dependent
on λ and φ. The other condition to ensure real values for S is
Dg
2 − Cg ≥ 0. (2.21)
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which can be checked for any set of physical parameters using Eq. (2.15).
A curve may be generated using Eq. (2.18) indicating the value of S as a function of
θ2. In the case of Eqs. (2.20) and (2.21) being satisfied, the input link fully rotates. For
this case, S in Eq. (2.18) has two real values with the larger one corresponding to the slider
being to the right (as shown in Fig. 2.3) is selected.
2.2.3 The Relation between Gear Ratio and the Input-Output Curve
The gear ratio λ plays a fundamental role in the number of maxima per period and the
number of rotations needed by gear 1 to create a single period. The gear ratio of the GFBS
is λ = Na/Nd where Na and Nd are the numbers of teeth on gears 1 and 2, respectively.
The ratio can be either negative via a direct meshing of the gears or positive via the use of
an idler. Selection of λ dictates the largest number of maxima for a single period.
To determine the number of maxima, reduce the fraction Na/Nd by eliminating common
factors. For example, 32/14 reduces to 16/7 and this is labeled N˜a/N˜d. The resulting period
will have max{N˜a, N˜d} as its number of maxima. Moreover, the input needs to be driven
2piN˜d to create one period. As an example, if a single period of the desired curve has four
maxima, the potential values of N˜a : N˜d include 4 : 1, 4 : 3, 3 : 4, 1 : 4 and all of their
negatives. Note that 4 : 2 and 2 : 4 are not included because these reduce to 2 : 1 and 1 : 2,
respectively. Finally, in the case of 4 : 3 (or −4 : 3), gear 1 needs to be driven 6pi radians
to produce a single period of the output slider.
Also of note is that the number of maxima is not always produced in a single period due
to the presence of inflection points. In all cases tested, changing the other parameters of
the mechanism has resulted in converting inflection points into true maxima. Figure. 2.4(a)
shows an input-output function having seven maxima with an inflection point using GFBS.
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The gear ratio utilized was 3 : 7. The inflection point disappeared as shown in Fig. 2.4(b)
after changing two of the physical parameters of the mechanism. Table 2.1 shows the values
of all the physical parameters of the two GFBS.
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Figure 2.4: (a) An input-output function having seven maxima with an inflection point.
(b) The same input-output function with no inflection points.
GFBS
ag bg cg dg fg tg hg δ (rad) φ (rad) S0
Inflection point 2 5 7 1.5 6 2 8 0.8727 0 0
No inflection point 2 5 7 1.5 6 2 12 0.8727 0.4363 3.7537
Table 2.1: The link dimensions of the two GFBS mechanisms whose outputs are shown in
Fig. 2.4(a) and Fig. 2.4(b).
2.3 The Additional Drag-Link Mechanism
A drag-link mechanism is an inversion of a Grashof four-bar linkage in which the shortest
link is fixed. Thus, a drag-link mechanism includes two links that are pivoted to the
ground, both being capable of making a full revolution about the respective fixed pivot.
Because of the full rotation of the two links, the drag-link is frequently called a double-
crank mechanism. Drag-link mechanisms are frequently used to amend the performance of
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other mechanisms. For instance, drag-links are added in press machines to the slider-crank
device to achieve more refined motion of the ram.
2.3.1 Analysis of the Additional Drag-Link Mechanism
The vector loop equation of the drag-link mechanism shown in Fig. 2.5 is
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2 
hd 
qd 
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Figure 2.5: The vector loop of the drag-link mechanism.
ad
{
cos (θ2 − δ)
sin (θ2 − δ)
}
+ hd
{
cos θ3
sin θ3
}
−
{
qd
0
}
− bd
{
cos θ4
sin θ4
}
= 0, (2.22)
where ad, hd, qd, and bd are positively valued link lengths. Additionally, θ2, θ3 and θ4 are
joint variables, and δ is an offset angle that shifts the input-output function left or right.
Given a (set of physical parameters for a drag-link) and θ2, the unknowns are the angles
θ3 and θ4. The output angle is
θ4 = tan
−1
(
Bd
Ad
)
± cos−1
(
−Cd√
Ad
2 +Bd
2
)
(2.23)
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where
Dd = qd − ad cos (θ2 − δ) ,
Ed = −ad sin (θ2 − δ) ,
Cd = Dd
2 + Ed
2 + hd
2 − bd2, (2.24)
Ad = 2Ddhd,
Bd = 2Edhd.
Either the “+” or “-” must be used over the entire rotation of θ2 in Eq. (2.23) to address
a single assembly.
2.3.2 Rotatability of the Additional Drag-Link Mechanism
The benefit of drag-link mechanism is that the two links connected to ground are capable
of making full rotations. Murray and Larochelle [33] developed three equations that quantify
the motion of the four-bar linkage by examining the signs of their outputs,
T1 = qd − ad + hd − bd,
T2 = qd − ad − hd + bd, (2.25)
T3 = −qd − ad + hd + bd.
As only drag-links are desired, T1 and T2 need to be negative while T3 needs to be positive
in sign.
2.4 Structural Error
Structural error is classically defined as the area between the desired function and the
actual function generated by the mechanism. In this work, the structural error is calculated
by summing the distances squared between the input-output curve of the mechanism and
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the desired curve at each degree increment over the range of motion of the input link needed
to create one period from the output. Figure. 2.6 shows an example of the structural error
between a desired function and an input-output function of a mechanism over the range
of motion of 2pi. The gray area in the figure corresponds to the classical definition of the
structural error, while the straight lines represent the method of calculating the structural
error in the presented work. In the figure, the number of the straight lines is chosen randomly
to show the method of calculating the structural error. However, this number should be
equal to the range of motion of rotating the input link.
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Figure 2.6: An example illustrates how the structural error is calculated in this work.
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CHAPTER III
SYNTHESIS METHODOLOGY
This chapter introduces the methodology utilized to produce the best match of arbitrary
periodic functions. Additionally, the mechanisms’ final design including, the terminal slider-
crank and the terminal geared five-bar with connecting rod and sliding output (GFBS) with
the additional drag-links, is presented. Finally, the two optimization techniques used for
the design of the terminal slider-crank mechanism, the terminal GFBS, and the additional
drag-link mechanism are explained in detail.
3.1 The Methodology Applied for the Best Match of Arbitrary Periodic
Functions
The methodology for reducing structural error in function generating mechanisms via
the addition of large numbers of four-bar mechanisms is now detailed.
1. In the case of the desired periodic function having a single maximum per period, a
slider-crank may be used as the terminal mechanism, as shown in Fig 3.1.
If a period includes two or more maxima, a GFBS is used, noting that it can also be
implemented in the case of a single maximum. In general single maximum tasks, the
GFBS will perform better. However, the complexity may not outweigh the slightly
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better match. The function generating mechanism that terminates with a GFBS is
shown in Fig. 3.2
(a) For the slider-crank, the terminal mechanism is synthesized via Eqs. (2.6) through
(2.9). The equations are used to solve for as, bs, cs, and δ.
(b) For the GFBS, the terminal mechanism is synthesized by selecting the physical
parameters paying particular attention to the possible λ values. The structural
error is calculated using all possible choices of λ. The one that gives the smallest
error is selected. The mechanism is then optimized using a randomized local
search or MATLAB’s fmincon command discussed at the end of this chapter.
2. With a terminal mechanism synthesized, a dyad is added between the ground and
input link. The dyad is sized such that it operates as an additional drag-link mecha-
nism. The link lengths of the first drag-link are chosen arbitrarily with q1 = 1 being
fixed due to the fact that only the ratio of the link lengths matter in the input-output
relationship. While the output, S stays the same, the input to the mechanism is now
θ21. Note the overlap between θ41 and the input θ2 to either terminal mechanism
as shown in Fig. 3.1(b) and Fig. 3.2(b). That is, Eqs. (2.23) and (2.24) are used to
generate θ41 given the rotation of θ21. The values of θ41 are now used as the θ2 inputs
in Eq. (2.2) for the slider-crank, and in Eq. (2.18) for the GFBS. The initial value of
the offset angle δ1 is selected by considering 360 values in the range from 0 to 2pi. The
choice of δ1 that minimizes the structural error is selected.
3. A randomized local search or MATLAB’s fmincon command is then applied for all
physical parameters in the drag-link driven mechanism, including those in the ter-
minal mechanism. Note that as the slider-crank, GFBS or drag-link is altered, all
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(a) The terminal slider-crank mechanism.
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(b) The terminal slider-crank mechanism driven by one
drag-link mechanism.
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(c) The terminal slider-crank mechanism driven by two drag-link mecha-
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(d) The chain of drag-link mechanisms added to a terminal slider-crank mechanism.
Figure 3.1: The process of designing a chain of drag-link mechanisms added to a terminal
slider-crank mechanism to generate any single maximum periodic function.
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(d) The chain of drag-link mechanisms added to a terminal GFBS.
Figure 3.2: The process of designing a chain of drag-link mechanisms added to a terminal
GFBS to generate any multiple maximum periodic function.
requirements for full rotations are checked where applicable. The combination of the
physical parameters that minimizes the structural error is utilized in the next step.
4. A second drag-link mechanism is added. The input to the mechanism is now θ22 with
its output θ42. This output now drives θ21 directly via the offset δ1. This can be
seen in Fig. 3.1(c) and Fig. 3.2(c). The 360 possible offsets are considered for δ2.
A randomized local search or MATLAB’s fmincon command is then applied for all
physical parameters in the drag-link driven mechanism, including those in the previous
step.
5. Drag-links may continue to be added until a threshold on structural error is met or
until the structural error ceases to decrease.
For the sake of simplicity, the flowchart depicted in Fig. 3.3 shows the process needed to
generate any single maximum periodic function. The steps needed to produce any multiple
maxima periodic function are explained in brief in Fig. 3.4.
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3.2 Optimization
Optimization is the procedure of choosing input values for a design problem to produce
the best solution. To ideally select the design variables for all three mechanisms pursued in
this work, two optimization techniques were utilized. The two techniques are local random
search and MATLAB’s fmincon command. A randomized local search is used first due to
the frequent change in the number of variables. MATLAB’s fmincon command is utilized
to obtain an optimal solution.
3.2.1 Local Random Search
A randomized local search is a brute force and easily implemented optimization tech-
nique that simply improves a guess by adjusting it toward the local extrema. Starting
with an initial guess for the parameters, x0 = {x10 , x20 , ...}, the objective function is cal-
culated, f(x0). Here, the parameters are all of the physical parameters of the mechanism
and the objective function is the resulting structural error. A random change, much smaller
in magnitude than the original values in x0, is generated. Let the random change be
α1 = {α11 , α21 , ...}. A new set of input values is generated as x1 = x0 + α1. The objective
function is calculated for x1. If f(x1) < f(x0), x1 is used in the next iteration, otherwise
x1 = x0. The process is seen to continue where xi = xi−1 + αi, and xi = xi−1 if f(xi) >
f(xi−1). The process is repeated until no improvement of the objective function is obtained
for several attempts.
3.2.2 MATLAB’s Fmincon Command
Fmincon is a function in the optimization toolbox of MATLAB that uses various algo-
rithms to solve the problem including trust-region-reflective, active-set, interior-point, and
sequential quadratic programming (SQP) optimization [34]. MATLAB’s fmincon command
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minimizes a constrained user-defined multivariable function. The design variables are all of
the physical parameters of the mechanism and the objective function is the resulting struc-
tural error. Inequality constraints are implemented to ensure the full rotation of the ter-
minal slider-crank and the terminal geared five-bar with connecting rod and sliding output
(GFBS), along with the additional drag-link mechanism. These constraints are calculated
as in Eqs. (2.20),(2.21),(2.25), or by making the observation discussed in Sec. 2.1.2.
In addition to the inequality constraints, bounds are specified on the design variables.
The design variables were assigned upper and lower bounds as shown in Tab. 3.1. The output
of the finished optimization function will be all the design variables needed to generate either
a single maximum, or multiple maxima, periodic function.
as bs cs ag bg cg dg fg hg tg ad hd bd
Lower Bound 0.5 1 0 0.5 2 2 0.5 1 2 0.5 1 1 1
Upper Bound 6 10 5 5 20 20 5 10 25 10 6 6 6
Table 3.1: Design optimization parameters
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 Start 
Design the terminal slider-crank using equations (2.6) 
through (2.9) in Chapter 2. 
Calculate the structural error. 
Add a drag-link mechanism. The link lengths are chosen 
arbitrarily with qd = 1. 
Optimize the terminal mechanism along with the additional drag-
link(s) using local random search or MATLAB’s fmincon command. 
Structural error 
satisfied? 
End 
Yes 
No 
Figure 3.3: The process of designing the terminal slider-crank with additional drag-links to
generate any single maximum periodic function.
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 Start 
Select the physical parameters for the terminal GFBS as 
well as the best gear ratio. 
Add a drag-link mechanism. The link lengths are chosen 
arbitrarily with qd = 1. 
Optimize the terminal mechanism along with the additional drag-
link(s) using local random search or MATLAB’s fmincon command. 
Structural error 
satisfied? 
End 
Optimize the mechanism using local random search or 
MATLAB’s fmincon command. 
Yes 
No 
Figure 3.4: The process of synthesizing the terminal GFBS with additional drag-links to
generate any multiple maxima periodic function.
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CHAPTER IV
SYNTHESIS EXAMPLES
This chapter introduces several examples of drag-link mechanisms added to a terminal
slider-crank or a terminal geared five-bar with connecting rod and sliding output (GFBS)
to generate arbitrary periodic functions. The examples endeavor to display the successes
and potential challenges of the method presented.
4.1 A Piecewise-Linear Function with a Single Maximum per Period –
Slider-Crank Terminal Chain
A chain of drag-link mechanisms driving a terminal slider-crank was synthesized using
a local random search to generate the desired piecewise-linear curve shown in Fig. 4.1. The
function defining the curve is Sdes =
2
75θ2 + 3 for 0
◦ ≤ θ2 ≤ 75◦, Sdes = − 2105θ2 + 457 for
75◦ < θ2 ≤ 285◦ and Sdes = 275θ2 − 335 for 285◦ < θ2 ≤ 360◦. The “Slider-crank only”
curve shows the initial approximation of the terminal slider-crank using Eqs. (2.6) through
(2.9). The associated structural error was 79.9200, found by summing the distances squared
between the output curve of the mechanism and the desired curve at each degree increment
over the range of motion of the input link needed to create one period from the output. The
structural error is measured in this fashion throughout this chapter. The structural error
was progressively decreased through the addition of eight drag-link mechanisms. Figure 4.1
also shows the corresponding decreases in structural error after one and four drag-link
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Figure 4.1: The piecewise-linear single-maximum period and the improvement in structural
error as the number of four-bars driving the slider-crank increases – local random search
optimization technique.
mechanisms were added. The structural error associated with the eight four-bars was 0.2500.
To verify the results, a CAD model of the full mechanism was assembled and is shown in
Fig. 4.2.
The results of the animation of the slider-crank driven by eight drag-links is shown in
Fig. 4.3. The curve shows the relationship between the input angle of the device, measured
at the fixed pivot farthest to the left, and the output location of the slide shown on the
right. Finally, Table 4.1 shows the lengths of all the links in the system, including the
dimensions of all eight four-bars and the slider-crank mechanism.
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 Figure 4.2: A slider-crank driven by eight drag-link mechanisms to produce the desired
function shown in Fig. 4.1.
 
Figure 4.3: The CAD model of the slider-crank driven by eight drag-link mechanisms is
shown to produce a period very close to the desired piecewise-linear curve.
Slider-Crank Mechanism
cs as bs δ (rad)
1.2156 1.6921 3.3343 2.9756
Drag-Link Mechanisms
ad hd bd δ (rad)
1 3.6519 1.0952 3.7330 2.1929
2 2.3060 2.4297 3.3880 -1.0722
3 3.2326 1.8728 4.0991 -1.6874
4 3.9044 1.3709 4.1476 -0.9107
5 4.0281 1.5581 3.7591 -1.0819
6 4.2118 1.5213 3.6918 -0.5972
7 4.1404 1.7846 3.6610 -0.5198
8 4.1779 1.6606 3.7583 -0.5506
Table 4.1: The link dimensions of the slider-crank and eight drag-link mechanisms that best
matches the desired function shown in Fig. 4.1.
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This example was also performed using MATLAB’s fmincon command. The structural
error was reduced to 0.0180 after the addition of ten drag-link four-bars, smaller than the
structural error obtained using local random search. The results can be seen in Fig. 4.4.
Table 4.2 shows the lengths of all the links in the system, including the dimensions of all
ten four-bars and the slider-crank mechanism.
4.2 A Piecewise-Linear Function with a Single Maximum per Period –
GFBS Terminal Chain
The same desired function as in the previous example was attempted with a GFBS and a
chain of drag-link four-bars. The first attempt used local random search. Due to the single
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Figure 4.4: The desired piecewise-linear function and the input-output functions using
slider-crank only and a slider-crank driven by ten four-bars – MATLAB’s fmincon command
optimization technique.
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Slider-Crank Mechanism
cs as bs δ (rad)
0.4781 1.9170 3.0600 1.5230
Drag-Link Mechanisms
ad hd bd δ (rad)
1 1.1921 4.6709 4.6647 2.3042
2 1.4292 2.0053 2.2394 -3.1141
3 4.5936 2.4762 3.1174 0.2521
4 1.4289 3.4534 3.6467 1.5518
5 3.7875 2.8908 1.9029 -0.3165
6 4.5723 2.5185 4.4592 1.4997
7 2.3739 1.9356 2.8499 -2.1192
8 3.6726 1.4371 3.2504 1.2494
9 3.6272 1.5404 3.1160 -0.8675
10 3.1163 1.0734 3.0924 -0.5944
Table 4.2: The link dimensions of the slider-crank and ten drag-link mechanisms that best
matches the desired function shown in Fig. 4.4.
maximum, the two gear ratios considered were 1 : 1 and −1 : 1. The ratio −1 : 1 was selected
due to the better initial match found between the GFBS and the desired function. An initial
mechanism, in this case the “Non-optimized GFBS” is included in Fig. 4.5. An initial
mechanism is included in many of the examples to indicate the improvement attributed to
the optimization. Note that optimizing the GFBS alone resulted in a structural error of
1.8800 and obtained a shape quite close to the desired function. Recall that the single slider-
crank had a structural error of 79.9200. Nevertheless, the addition of drag-links continued
to improve the error gradually through the addition of 14 four-bars. The lowest structural
error for the GFBS driven by a chain of four-bars was found to be 0.5100. Note that the
structural error using the slider-crank as the terminal chain driven by eight four-bars in the
previous example was 0.2500, less than the structural error using the GFBS and fourteen
four-bars. The slider-crank alone cannot be compared to the GFBS because it has fewer
independent variables. The slider-crank has four independent variables, while the GFBS
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has nine independent variables. Table 4.3 shows the values of all the physical parameters
in the three GFBS mechanisms, and Table 4.4 shows the dimensions of the 14 four-bars for
the mechanism with the lowest structural error.
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Figure 4.5: The desired piecewise-linear function and the input-output functions generated
for several GFBS cases – local random search optimization technique.
The second attempt used MATLAB’s fmincon command. The result of the best match
is shown in Fig. 4.6. The addition of four drag-links produced a structural error of 0.0147,
smaller than the error obtained using local random search. Nevertheless, the structural
error using only the optimized GFBS was 3.7842, larger than the structural error obtained
using local random search. Table 4.5 shows the values of all the physical parameters in the
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GFBS
Non- optimized Optimized Optimized with four-bars
ag 2.5000 1.4034 1.6803
bg 6.0000 5.0831 7.0185
cg 10.0000 2.2171 5.6788
dg 1.0000 1.7998 1.0762
fg 8.0000 5.4898 8.5243
tg 3.0000 3.3718 1.8238
hg 15.0000 9.7971 15.9568
δ (rad) 0.0000 1.2715 1.3094
φ (rad) 0.0000 -0.4278 -1.2774
S0 4.5704 5.3526 9.7542
Table 4.3: The link dimensions of the three GFBS mechanisms whose outputs are shown in
Fig. 4.5.
two GFBS mechanisms, and Table 4.6 shows the dimensions of the 4 drag-link four-bars for
the mechanism with the lowest structural error.
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Figure 4.6: The desired piecewise-liner function and the input-output functions generated
for several GFBS cases – MATLAB’s fmincon command optimization technique.
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Drag-Link Mechanisms
ad hd bd δ (rad)
1 4.3950 5.0712 5.9436 1.2435
2 4.2135 7.6087 9.2994 0.1647
3 2.4555 5.0765 5.6126 -2.3944
4 4.2980 4.6333 2.9562 2.9869
5 6.3969 8.3688 10.7886 -0.7530
6 8.2836 5.1974 4.4506 -1.9696
7 3.3327 2.8689 3.7549 -3.1411
8 2.3918 4.7581 5.5921 1.1732
9 3.4946 6.3347 5.6245 0.7206
10 2.5727 2.4156 3.6190 -0.2462
11 3.2273 4.6890 3.8033 1.3142
12 3.4855 2.0998 4.5822 1.7860
13 3.0491 2.7429 2.9417 0.1226
14 2.9981 1.3443 3.2501 -1.1563
Table 4.4: The link dimensions of the 14 added drag-link mechanisms producing the best
fit shown in Fig. 4.5.
GFBS
Optimized Optimized with four-bars
ag 0.8101 0.5280
bg 18.3587 10.7134
cg 20.0000 19.9009
dg 1.0910 0.5408
fg 3.0424 9.7815
tg 2.9564 3.9785
hg 14.7480 6.7881
δ (rad) 2.5627 -0.5704
φ (rad) -2.1052 1.2705
S0 -7.9708 -16.9888
Table 4.5: The link dimensions of the two GFBS mechanisms whose outputs are shown in
Fig. 4.6.
Drag-Link Mechanisms
ad hd bd δ (rad)
1 6.1817 3.9081 5.6912 2.7652
2 1.3675 3.4355 3.2428 -0.6452
3 5.1497 3.9531 4.4427 -0.2283
4 5.4614 3.8770 4.4124 0.6521
Table 4.6: The link dimensions of the 4 added drag-link mechanisms producing the best fit
shown in Fig. 4.6.
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4.3 A Second Function with a Single Maximum per Period
The desired function in this example is shown in Fig. 4.7. The function defining the
curve is Sdes = 0.1221θ2 + 1.0000 for 0.000
◦ ≤ θ2 ≤ 51.560◦, Sdes = 0.1219θ2 + 1.0102 for
51.560◦ < θ2 ≤ 57.290◦ and Sdes = (pi/180) θ2 cos (θ2/2) + 7 for 57.290◦ < θ2 ≤ 360◦. This
example was performed using only local random search. Again, a slider-crank was sized
using Eqs. (2.6) through (2.9) and produced a structural error of 211.1800. The addition
of ten drag-links generated the match shown, with a structural error of 0.5000. Table 4.7
exhibits the lengths of all the links in the system, including the dimensions of all ten four-
bars and the slider-crank mechanism.
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Figure 4.7: The desired function, the slider-crank output, and the curve generated using
the proposed method resulting in the addition of 10 drag-link mechanisms – local random
search optimization technique.
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Slider-Crank Mechanism
Link cs as bs δ (rad)
-1.0402 3.4467 4.8472 1.3939
Drag-Link Mechanisms
Link ad hd bd δ (rad)
1 2.6993 1.1704 2.8290 1.6345
2 6.0845 5.4973 3.6984 -0.6197
3 3.9862 2.7864 4.5720 -1.7257
4 5.6452 1.6793 6.0246 -2.9832
5 2.1559 1.7396 2.8481 0.7898
6 4.7615 2.1082 4.5682 0.2442
7 5.3020 2.4476 4.4643 1.4315
8 3.1477 3.6922 5.6755 -2.0068
9 4.6149 2.1102 4.3794 -0.5906
10 3.9841 1.2385 4.0184 -0.3653
Table 4.7: The link dimensions of the slider-crank and ten drag-link mechanisms that best
matches the desired function shown in Fig. 4.7.
To generate the same target function using a chain with a terminal GFBS, a −1 : 1 gear
ratio was chosen. Figure 4.8 shows the output produced by the initial design of only the
GFBS device, as well as a mechanism that has nine drag-links in addition to the GFBS.
The structural error obtained with the nine drag-links was 0.3800, less than the slider-
crank with ten drag-link four-bars added. Again, the GFBS alone cannot be compared to
the slider-crank due to the difference in the independent variables. Table 4.8 shows all the
values of the physical parameters of the three GFBS mechanisms, while the dimensions of
the 9 four-bars, which produced the lowest structural error, are shown in Tab. 4.9.
4.4 A Third Function with a Single Maximum per Period
The desired function in this example has horizontal segments and is shown in Fig. 4.9.
The function defining the curve is Sdes = 0.0333θ2+3.0000 for 0
◦ ≤ θ2 ≤ 60◦, Sdes = 5.0000
for 60◦ < θ2 ≤ 110◦, Sdes = −0.0286θ2 + 8.1429 for 110◦ < θ2 ≤ 250◦, Sdes = 1.0000 for
250◦ < θ2 ≤ 300◦, and Sdes = 0.0333θ2 − 9.0000 for 300◦ < θ2 ≤ 360◦. A slider-crank
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Figure 4.8: The desired function and the input-output functions using an initial guess at
the GFBS and the GFBS optimized with nine drag-link mechanisms – local random search
optimization technique.
GFBS
Non- optimized Optimized Optimized with four-bars
ag 1.5000 1.4661 1.2077
bg 9.0000 9.3719 9.1140
cg 9.0000 10.5235 9.8785
dg 1.0000 0.4440 0.7436
fg 4.0000 3.0642 4.0908
tg 3.0000 4.0270 3.4498
hg 12.0000 12.1543 11.6093
δ (rad) 0.0000 -0.0068 -0.3387
φ (rad) 0.0000 2.8359 -0.0571
S0 8.7396 -0.0454 2.6002
Table 4.8: The link dimensions of the three GFBS mechanisms whose outputs are shown in
Fig. 4.8.
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Drag-Link Mechanisms
ad hd bd δ (rad)
1 5.3412 2.0967 4.3317 0.2218
2 1.7590 3.2475 3.9741 0.9172
3 2.9380 4.0116 2.8167 -2.5430
4 5.1215 2.2692 5.2525 1.5161
5 3.3218 2.1496 4.1752 1.5361
6 2.9688 2.7585 3.1382 0.7139
7 4.1259 4.9611 3.2312 -2.2089
8 2.8485 1.2252 2.7483 1.1464
9 2.9596 1.9801 3.2676 -0.3749
Table 4.9: The link dimensions of the 9 added drag-link mechanisms producing the best fit
shown in Fig. 4.8.
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Figure 4.9: The desired function, the slider-crank output, and the curve generated using
the proposed method resulting in the addition of 8 drag-link mechanisms – local random
search optimization technique.
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was sized using Eqs. (2.6) through (2.9) and produced a structural error of 78.9321. The
addition of eight drag-links using local random search generated the match shown, with a
structural error of 0.5103. Table 4.10 shows the values of all the physical parameters in
the system, including the dimensions of all eight four-bars and the slider-crank mechanism.
When MATLAB’s fmincon command was used for this example, the structural error was
Slider-Crank Mechanism
Link cs as bs δ (rad)
0.7737 1.9542 3.1684 -0.6684
Drag-Link Mechanisms
Link ad hd bd δ (rad)
1 1.9365 3.1295 3.9482 -1.8263
2 2.3532 1.8543 3.2011 -1.0141
3 2.6506 1.5864 3.1096 -1.2985
4 2.7668 1.3410 3.0273 -1.1524
5 2.3407 1.0856 2.3810 -0.8816
6 2.6818 1.3384 2.3439 -1.8535
7 2.5938 1.3354 2.4739 0.0607
8 2.4938 1.0332 2.4992 -0.3516
Table 4.10: The link dimensions of the slider-crank and eight drag-link mechanisms that
best matches the desired function shown in Fig. 4.9.
reduced to 0.0745, smaller than the error obtained using local random search. The smallest
error was obtained after the addition of nine drag-link four-bars as shown in Fig. 4.10.
Table 4.11 shows the values of all the physical parameters in the system.
To generate the same target function using a chain with a terminal GFBS, a −1 : 1 gear
ratio was chosen. Figure 4.11 shows the output produced, using the local random search
technique, by the initial design of only the GFBS device, as well as a mechanism that has
six drag-links in addition to the GFBS. The structural error obtained with the six drag-links
was 0.5628, larger than the slider-crank with eight drag-link four-bars added. Table 4.12
shows the dimensions of the 6 four-bars that were found to produce the lowest structural
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Figure 4.10: The desired function, the slider-crank output, and the curve generated using
the proposed method resulting in the addition of 9 drag-link mechanisms – MATLAB’s
fmincon command optimization technique.
Slider-Crank Mechanism
Link cs as bs δ (rad)
0.8256 1.9034 3.1842 3.5232
Drag-Link Mechanisms
Link ad hd bd δ (rad)
1 3.1626 3.9508 5.7241 0.1474
2 3.6965 5.9911 4.7324 1.3870
3 3.4518 3.8735 1.4245 0.1376
4 2.3454 4.2599 4.8043 -2.0677
5 2.6122 5.4712 3.9040 -0.0793
6 5.2887 4.7877 1.5033 0.163
7 2.0996 4.1597 5.2169 0.3088
8 2.8971 4.7291 5.2511 -0.4908
9 5.0892 3.0994 4.8498 1.0629
Table 4.11: The link dimensions of the slider-crank and nine drag-link mechanisms that
best matches the desired function shown in Fig. 4.10.
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error, while the values of the physical parameters of the three GFBS mechanisms are shown
in Tab. 4.13.
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Figure 4.11: The desired function and the input-output functions using an initial guess at
the GFBS and the GFBS optimized with six drag-link mechanisms – local random search
used.
Drag-Link Mechanisms
ad hd bd δ (rad)
1 5.6659 3.4102 3.2595 -3.1159
2 3.9123 2.2163 5.1284 -1.4425
3 3.9131 1.4567 4.1099 -1.6333
4 3.7354 1.2605 3.7243 0.1404
5 2.9319 1.5673 3.0593 -1.2102
6 2.9749 1.0895 3.0203 -0.3754
Table 4.12: The link dimensions of the 6 added drag-link mechanisms producing the best
fit shown in Fig. 4.11.
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GFBS
Non- optimized Optimized Optimized with four-bars
ag 1.0000 0.8201 1.1014
bg 7.0000 7.6210 6.5933
cg 8.0000 7.5686 7.9593
dg 1.0000 0.5290 0.7531
fg 4.0000 4.5487 3.9749
tg 3.0000 3.2064 2.9139
hg 15.0000 14.9914 15.0385
δ (rad) 0.0000 0.0202 -0.1360
φ (rad) 0.0000 0.6750 -1.1394
S0 8.5821 9.1875 7.8261
Table 4.13: The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.11.
The use of MATLAB’s fmincon command reduced the structural error to 0.0914 after
adding fifteen four-bars. The best match is shown in Fig.4.12, and the values of all physical
parameters are shown in Tab. 4.14 and Tab. 4.15.
Drag-Link Mechanisms
ad hd bd δ (rad)
1 4.9952 3.753 4.5786 -1.0918
2 5.7332 3.7537 5.2114 -0.9032
3 5.0487 3.8258 5.1244 -1.8235
4 2.3944 3.8038 4.5534 -0.1915
5 5.0799 3.8363 5.2072 -0.5196
6 4.9604 3.8510 4.7434 -1.9614
7 4.3922 3.8883 5.1656 -1.5252
8 2.9365 3.8245 5.5487 1.2782
9 4.0112 4.0109 1.1089 1.5009
10 4.6209 3.8193 4.5774 -0.7744
11 5.6342 3.8403 5.1682 -0.8348
12 4.6510 3.8923 4.5870 -0.8675
13 5.4432 3.8388 5.2223 -1.1339
14 3.6097 3.9249 4.2179 -1.1296
15 4.1983 3.4601 4.9888 -1.5484
Table 4.14: The link dimensions of the 15 added drag-link mechanisms producing the best
fit shown in Fig. 4.12.
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Figure 4.12: The desired function and the input-output functions using an optimized GFBS
only and an optimized GFBS with fifteen drag-link mechanisms – MATLAB’s fmincon
command used.
GFBS
Optimized Optimized with four-bars
ag 0.5510 0.7108
bg 3.4162 10.9816
cg 8.2163 19.7591
dg 0.5000 0.6210
fg 5.3512 9.7857
tg 9.9996 4.4700
hg 8.5943 7.1482
δ (rad) 0.1977 -2.1481
φ (rad) -0.2713 1.7940
S0 -7.1305 -16.5109
Table 4.15: The link dimensions of the two GFBS mechanisms whose outputs are shown in
Fig. 4.12.
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4.5 A Periodic Function with Two Maxima
The curve shown in Fig. 4.13 is the desired periodic function for this example. The
function defining the curve is Sdes = 0.0300θ2+3.5000 for 0
◦ ≤ θ2 ≤ 60◦, Sdes = −0.0240θ2+
6.7400 for 60◦ < θ2 ≤ 110◦, Sdes = 0.0475θ2 − 1.1250 for 110◦ < θ2 ≤ 150◦, Sdes =
−0.0385θ2+11.7692 for 150◦ < θ2 ≤ 280◦, and Sdes = 0.0312θ2−7.7500 for 280◦ < θ2 ≤ 360◦.
The slider-crank was not used for this design due to a single period having two maxima.
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Figure 4.13: The desired function having two maxima and the input-output functions using
a non-optimized GFBS and an optimized GFBS with a chain of drag-links – local random
search optimization technique.
The four choices under consideration for the gear ratio were ±1 : 2 and ±2 : 1. Figure. 4.14
shows the input-output curve, using local random search, of all the possible choices of the
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gear ratio. The ratio of −2 : 1 was found to produce an acceptable initial guess. Because
of this choice of ratio, a single period was produced by one full rotation of the input of
the mechanism. The structural error after optimizing the GFBS alone was 3.0250. After
the addition of thirteen drag-links, the structural error was reduced to 1.3490. Table 4.16
shows the dimensions of the 13 four-bars that produced the lowest structural error, while the
values of all the physical parameters of the three GFBS mechanisms are shown in Tab. 4.17.
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Figure 4.14: The desired function having two maxima and the input-output functions using
all possible choices of the gear ratio.
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Drag-Link Mechanisms
ad hd bd δ (rad)
1 1.8264 2.5628 3.2359 0.4813
2 4.1169 2.6626 2.6393 -0.0602
3 3.3043 2.4404 2.7846 -1.1984
4 2.6907 2.4946 4.0344 0.6906
5 3.7792 3.0117 2.4139 2.7751
6 3.9744 1.8540 3.4335 -1.9890
7 1.8048 3.1837 2.6836 -1.2481
8 4.6224 2.5792 3.1862 3.1182
9 3.5810 2.7354 3.0301 0.2010
10 3.1823 4.5561 6.4742 -2.4572
11 2.4196 1.6332 2.3542 1.1927
12 2.7358 1.7979 2.8152 -0.5002
13 3.0162 1.1941 2.9344 0.0041
Table 4.16: The link dimensions of the 13 added drag-link mechanisms producing the best
fit shown in Fig. 4.13.
GFBS
Non- optimized Optimized Optimized with four-bars
ag 2.5000 2.3138 2.5290
bg 6.0000 7.2950 6.5419
cg 10.0000 4.8455 7.8707
dg 1.0000 2.1754 1.4987
fg 8.0000 8.6575 8.2781
tg 3.0000 5.9700 4.8241
hg 15.0000 15.6016 17.2247
δ (rad) 0.0000 1.5972 -2.8464
φ (rad) 0.0000 2.5886 -2.5314
S0 4.0704 9.0126 7.8623
Table 4.17: The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.13.
4.6 A Periodic Function with Three Maxima
The curve shown in Fig. 4.15 is the desired periodic function for this example. The
function defining the curve is Sdes = 3 sin (t) + sin
(
1
2 t+ 20
)
+ 2 sin (3t− 60) where t =
0.0061θ2 + 3.0443 and 0
◦ ≤ θ2 ≤ 1080◦. Due to a single period having three maxima, the
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slider-crank was not used for this design. The eight choices under consideration for the gear
ratio were ±1 : 3, ±2 : 3, ±3 : 1 and ±3 : 2. The ratio of 1 : 3 was found to produce an
acceptable initial guess when using the two optimization techniques presented in this work.
Because of this choice of ratio, a single period was produced by three full rotations of the
input of the mechanism. Initially, the example was performed using local random search.
The structural error after optimizing the GFBS alone was 71.8200. After the addition of six
drag-links, the structural error was reduced to 34.3600. Note that these structural errors
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Figure 4.15: The desired function having three maxima and the input-output functions
using a non-optimized GFBS and an optimized GFBS with a chain of drag-links – local
random search optimization technique.
cannot be compared to those of previous examples. The structural error in this case was
the sum of the 3∗360 = 1080 values found in the range of motion of the input link to create
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one period of output from the mechanism. Table 4.18 shows all the values of the physical
parameters of the three GFBS mechanisms, while the dimensions of the 6 four-bars, which
were found to produce the lowest structural error, are shown in Tab. 4.19. The addition
GFBS
Non- optimized Optimized Optimized with four-bars
ag 2.0000 0.9787 1.1207
bg 6.0000 20.5464 20.5300
cg 6.0000 15.0027 14.9118
dg 1.0000 1.5202 1.6667
fg 8.0000 10.0447 10.7415
tg 3.0000 10.9789 12.0742
hg 15.0000 21.2054 21.4763
δ (rad) 0.0000 0.9363 3.0348
φ (rad) 3.1416 -0.1406 -0.0820
S0 11.6864 26.2706 25.8269
Table 4.18: The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.15.
Drag-Link Mechanisms
ad hd bd δ (rad)
1 3.2586 5.4852 4.9357 0.6791
2 3.8968 2.2457 3.2331 2.8229
3 1.5891 2.6138 3.1325 2.6432
4 4.0566 1.4984 4.2847 0.7492
5 2.9942 1.4551 3.0102 0.0301
6 2.9548 1.1047 2.8620 -0.4259
Table 4.19: The link dimensions of the 6 added drag-link mechanisms producing the best
fit shown in Fig. 4.15.
of four drag-link four-bars reduced the structural error to 23.2938 after using MATLAB’s
fmincon command, smaller than the error obtained using local random search. However,
the structural error after optimizing the GFBS alone was 116.0733, larger than the error
acquired by local random search. The result of the best match is shown in Fig. 4.16. The
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values of all the additional drag-link four-bars are shown in Tab. 4.20, while the physical
parameters of the two GFBS are shown in Tab. 4.21.
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Figure 4.16: The desired function having three maxima and the input-output functions using
an optimized GFBS with a chain of drag-links – MATLAB’s fmincon command optimization
technique.
Drag-Link Mechanisms
ad hd bd δ (rad)
1 1.5770 1.7264 2.0182 -2.5340
2 1.2909 1.9088 2.0996 -2.6175
3 2.1104 1.1001 2.1105 -2.2402
4 2.1452 4.9978 6.0430 0.8743
Table 4.20: The link dimensions of the 4 added drag-link mechanisms producing the best
fit shown in Fig. 4.16.
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GFBS
Optimized Optimized with four-bars
ag 0.5000 0.5000
bg 17.7979 10.9381
cg 20.0000 11.6221
dg 0.5316 0.5162
fg 3.6618 2.5146
tg 10.0000 10.0000
hg 25.0000 3.0001
δ (rad) -0.4752 2.9732
φ (rad) 0.4414 0.2556
S0 11.8108 -0.9620
Table 4.21: The link dimensions of the two GFBS mechanisms whose outputs are shown in
Fig. 4.16.
4.7 A Periodic Function with Ten Maxima
The curve shown in Fig. 4.17 is the desired periodic function for this example. The
function defining the curve is Sdes = 2 cos (10pit) cos (200pit) where t = 0.00003θ2 + 0.05250
and 0◦ ≤ θ2 ≤ 3240◦. Due to a single period having ten maxima, the slider-crank was
not used for this design. The sixteen choices under consideration for the gear ratio were
±1 : 10, ±3 : 10, ±7 : 10, ±9 : 10, ±10 : 1, ±10 : 3, ±10 : 7 and ±10 : 9. After using the
two optimization techniques, the ratio of 10 : 9 was found to produce an acceptable initial
guess. Because of this choice of ratio, a single period was produced by nine full rotations
of the input of the mechanism. Local random search was used first for this example. The
structural error after optimizing the GFBS alone was 169.3700. After the addition of 11
drag-links, the structural error was reduced to 93.3700. Again, the structural error in this
case was the sum of 9 ∗ 360 = 3240 values. The values of all the physical parameters of
the three GFBS mechanisms is shown in Tab. 4.22, and the dimensions of the 11 four-bars,
that produced the lowest structural error, are shown in Tab. 4.23.
56
0 500 1000 1500 2000 2500 3000
−2
−1
0
1
2
3
4
θ2 (degree)
S
 
 
Desired function
 Non−optimized GFBS
Optimized GFBS
11 fourbars
Figure 4.17: The desired function having ten maxima and the input-output functions using
a non-optimized GFBS and an optimized GFBS with a chain of drag-links – local random
search optimization technique.
GFBS
Non- optimized Optimized Optimized with four-bars
ag 2.5000 0.9655 0.9486
bg 6.0000 5.7359 7.7910
cg 10.0000 7.0809 9.6085
dg 1.0000 0.9080 1.0427
fg 8.0000 5.8590 8.6673
tg 3.0000 2.2874 5.7580
hg 15.0000 12.2036 14.2752
δ (rad) 0.0000 -1.9314 -1.1592
φ (rad) 1.0472 1.6661 0.9643
S0 6.3208 7.3139 7.9612
Table 4.22: The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.17.
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Drag-Link Mechanisms
ad hd bd δ (rad)
1 6.6624 3.9746 8.4134 1.0876
2 3.9852 4.2136 4.9934 -0.2891
3 3.5916 2.6893 2.9853 -2.7661
4 4.1800 2.7937 3.4272 0.2928
5 3.8008 1.2823 3.7640 1.1447
6 3.3490 3.8569 3.7116 -0.9673
7 5.1184 2.1584 4.4199 0.4054
8 3.2588 1.9416 4.1141 1.1484
9 4.9702 3.5465 4.7663 -0.8454
10 2.3894 2.0130 2.6460 -0.4455
11 3.0416 1.7119 3.2317 -0.1326
Table 4.23: The link dimensions of the 11 added drag-link mechanisms producing the best
fit shown in Fig. 4.17.
This example was also performed using MATLAB’s fmincon command. The result of
the best match is shown in Fig. 4.18. The structural error was reduced to 74.1736 after
the addition of 5 drag-links and 134.3807 after optimizing the GFBS only, smaller than
the error acquired using local random search. The values of all physical parameters of the
additional four-bars, along with the dimensions of the two GFBS are shown in Tab. 4.24
and Tab. 4.25, respectively.
Drag-Link Mechanisms
ad hd bd δ (rad)
1 1.1925 4.6730 4.7634 -0.0185
2 3.4230 3.4232 1.1009 1.8288
3 2.6394 4.7466 6.2829 -2.2869
4 1.3111 3.3507 3.1401 -0.0697
5 4.1927 4.2211 1.1840 -1.2718
Table 4.24: The link dimensions of the 5 added drag-link mechanisms producing the best
fit shown in Fig. 4.18.
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Figure 4.18: The desired function having ten maxima and the input-output functions using
an optimized GFBS with a chain of drag-links – MATLAB’s fmincon command optimization
technique.
GFBS
Optimized Optimized with four-bars
ag 0.5401 0.5937
bg 13.6847 13.0969
cg 19.9978 19.9978
dg 0.5023 0.5857
fg 7.9072 9.5307
tg 7.3528 9.9938
hg 24.9792 19.8007
δ (rad) -2.9699 -1.2821
φ (rad) 0.9162 0.2419
S0 7.3647 2.9676
Table 4.25: The link dimensions of the two GFBS mechanisms whose outputs are shown in
Fig. 4.18.
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4.8 A Complicated Single Maximum Periodic Function
The curve shown in Fig. 4.19 is the desired periodic function for this example. This
example was done using only MATLAB’s fmincon command. The function defining the
curve is Sdes = 0.0400θ2 +3.0000 for 0
◦ ≤ θ2 ≤ 25◦, Sdes = 0.0204θ2 +3.4898 for 25◦ < θ2 ≤
74◦, Sdes = 5.0000 for 74◦ < θ2 ≤ 89◦, Sdes = −0.0667θ2 + 10.9333 for 89◦ < θ2 ≤ 104◦,
Sdes = 4.0000 for 104
◦ < θ2 ≤ 129◦, Sdes = cos(θ2 − 130) + 3.0000 for 129◦ < θ2 ≤ 259◦,
Sdes = −0.0093θ2 + 4.7801 for 259◦ < θ2 ≤ 299◦, Sdes = 2.0000 for 299◦ < θ2 ≤ 339◦, and
Sdes = 0.0476θ2 − 14.1429 for 339◦ < θ2 ≤ 360◦. The GFBS is used for this design. The
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Figure 4.19: The desired function having a single maximum and the input-output functions
using an optimized GFBS with a chain of drag-links – MATLAB’s fmincon command used.
two choices under consideration for the gear ratio were ±1 : 1. The ratio of 1 : 1 was found
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to produce an acceptable initial guess. Because of this choice of ratio, a single period was
produced by one full rotation of the input of the mechanism. The structural error after
optimizing the GFBS alone was 2.3802. After the addition of ten drag-links, the structural
error was reduced to 0.0691. Again, the structural error in this case was the sum of the
1 ∗ 360 = 360 values found in the range of motion of the input link to create one period of
output from the mechanism. Table 4.26 shows all the values of the physical parameters of
the two GFBS mechanisms, while the dimensions of the 10 four-bars, which were found to
produce the lowest structural error, are shown in Tab. 4.27.
GFBS
Optimized Optimized with four-bars
ag 0.5005 0.5884
bg 14.7930 10.9948
cg 16.6852 19.9471
dg 1.1271 0.6759
fg 4.2719 9.7384
tg 4.4167 4.7867
hg 10.8419 4.0432
δ (rad 0.1116 -2.5736
φ (rad) -2.6841 -1.1001
S0 -7.4576 -19.5709
Table 4.26: The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.19.
4.9 A Complicated Two Maximum Periodic Function
The curve shown in Fig. 4.20 is the desired periodic function for this example. This
example was performed using only MATLAB’s fmincon command. The function defining
the curve is Sdes = 0.0571θ2 + 3.0000 for 0
◦ ≤ θ2 ≤ 35◦, Sdes = −0.0417θ2 + 6.4583 for
35◦ < θ2 ≤ 59◦, Sdes = −0.0229θ2 + 5.3486 for 59◦ < θ2 ≤ 94◦, Sdes = 3.2 for 94◦ < θ2 ≤
124◦, Sdes = 0.0350θ2 − 1.1400 for 124◦ < θ2 ≤ 144◦, Sdes = −1.5379× 10−6θ23 + 4.0953×
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Drag-Link Mechanisms
ad hd bd δ (rad)
1 1.2317 2.4432 2.5548 -0.6288
2 4.0983 4.3071 1.3470 2.7463
3 5.3893 3.3862 4.0899 -0.3810
4 3.6741 3.3509 1.4923 2.1802
5 3.4658 3.5267 5.5857 -0.5237
6 6.1625 4.0443 4.1473 1.3667
7 5.3930 3.4128 3.2147 -0.3026
8 5.4233 3.9633 2.5751 2.2920
9 3.7532 4.1069 3.0494 -1.4045
10 3.3953 3.2998 2.9476 0.1034
Table 4.27: The link dimensions of the 10 added drag-link mechanisms producing the best
fit shown in Fig. 4.19.
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Figure 4.20: The desired function having two maxima and the input-output functions using
an optimized GFBS with a chain of drag-links – MATLAB’s fmincon command used.
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10−4θ22 for 144◦ < θ2 ≤ 180◦, Sdes = cos(θ2 − 180) + 3.3000 for 180◦ < θ2 ≤ 259◦, Sdes =
−0.0373θ2 + 13.1438 for 259◦ < θ2 ≤ 299◦, Sdes = 2.0000 for 299◦ < θ2 ≤ 339◦, and Sdes
= 0.0476θ2 − 14.1429 for 339◦ < θ2 ≤ 360◦. Due to a single period having two maxima,
the slider-crank was not used for this design. The four choices under consideration for the
gear ratio were ±1 : 2 and ±2 : 1. The ratio of 2 : 1 was found to produce an acceptable
initial guess. Because of this choice of ratio, a single period was produced by one full
rotation of the input of the mechanism. The structural error after optimizing the GFBS
alone was 4.9280. After the addition of nine drag-links, the structural error was reduced to
0.1870. The structural error in this case was the sum of the 1 ∗ 360 = 360 values found in
the range of motion of the input link to create one period of output from the mechanism.
Table 4.28 shows all the values of the physical parameters of the two GFBS mechanisms, and
Table. 4.29 shows the dimensions of the 9 four-bars, which produced the lowest structural
error.
4.10 A Challenging Periodic Function
In all examples thus far, the GFBS has produced a visually satisfactory match. In fact,
the improvements offered by the additional drag-links are modest when compared to the
stand-alone GFBS. This example provides a case in which the GFBS matching was deemed
unsatisfactory. The curve shown in Fig. 4.21 is the desired periodic function. The function
defining the curve is Sdes = sin(θ2) + sin(2θ2) + sin(4θ2) for 0
◦ ≤ θ2 ≤ 360◦. The eight
choices under consideration for the gear ratio were ±1 : 4, ±3 : 4, ±4 : 1 and ±4 : 3. The
ratio of −4 : 1 was found to produce the best initial guess. Because of this choice of ratio,
a single period was produced by one rotation of the input of the mechanism. When local
random search was used, the structural error of the optimized GFBS alone was 97.9800.
After the addition of seven drag-links, the structural error was reduced to 47.3500. Note
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for the previous cases in which the range of motion of the input link was one rotation,
structural errors for optimized mechanisms were found to be less than 1.0000.
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Figure 4.21: The desired function having four maxima proved difficult to match using the
proposed technique – local random search utilized.
GFBS
Optimized Optimized with four-bars
ag 3.7312 0.8864
bg 13.3118 11.1971
cg 19.2487 19.9581
dg 0.5000 0.5183
fg 10.0000 9.8168
tg 3.0692 5.2342
hg 15.7729 8.4589
δ (rad 0.0662 -0.6159
φ (rad) -1.4800 0.9488
S0 -5.7570 -14.5801
Table 4.28: The link dimensions of the three GFBS mechanisms whose outputs are shown
in Fig. 4.20.
64
When MATLAB’s fmincon command was used in this example, the structural error was
reduced to 4.5942 as shown in Fig. 4.22. The structural error was obtained after adding
twenty drag-links. The final shape is still not satisfactory compared to all previous examples.
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Figure 4.22: The desired function having four maxima proved difficult to match using the
proposed technique – MATLAB’s fmincon command utilized.
Drag-Link Mechanisms
ad hd bd δ (rad)
1 1.3823 4.0609 3.9943 1.3178
2 1.9061 3.8323 3.1261 -0.9734
3 3.4888 4.0687 1.8477 -2.6169
4 3.4097 3.8810 3.2877 0.2825
5 3.2912 3.3010 1.1361 0.9398
6 3.1089 3.8029 1.8373 -2.4303
7 2.6604 3.9342 4.8271 -0.2093
8 4.3122 3.8963 5.1157 -1.9582
9 4.2384 3.5147 1.9000 -0.4842
Table 4.29: The link dimensions of the 9 added drag-link mechanisms producing the best
fit shown in Fig. 4.20.
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CHAPTER V
CONCLUSIONS AND FUTURE WORK
5.1 Conclusions
Function generating mechanisms were synthesized with the goal of reducing structural
error versus a desired output. This thesis addressed the challenge of minimizing the struc-
tural error with respect to any desired periodic function. The synthesized mechanisms were
allowed to include any number of links. Two basic architectures were considered. The first
architecture was any number of drag-link four-bars driving each other in succession, con-
cluding with a slider-crank. The second architectures was any number of drag-links driving
a geared five-bar with connecting rod and sliding output (GFBS). The slider-crank as a
terminal linkage was only used to address functions with a single maximum in the period,
whereas the GFBS can be used to create one or more maxima. As expected, an increase in
the number of links was seen to yield an improvement in matching the periodic function.
Conditions were implemented throughout to ensure fully rotating inputs connect to fully
rotating outputs, and then to fully rotating inputs again. This guaranteed the periodic out-
put of the architectures. A variety of examples were included to display the methodology
presented, including periods composed of piecewise linear segments and a period for which
no acceptable solution was found. The slider-crank as a terminal linkage showed a better
match in some of the test cases that had a single meximum per period compared to the
66
GFBS. However, the stand-alone slider-crank cannot be compared to the stand-alone GFBS
due to the difference in the independent variables of the two mechanisms. Additionally, the
GFBS generated an excellent match for most of the test cases that had multiple maxima
per period. Finally, the results obtained using MATLAB’s fmincon command were better
than the results acquired when local random search technique was used in most of the cases
tested.
5.2 Future Work
For the future work of reducing structural error in function generating mechanisms via
the addition of large numbers of double-crank linkages, the following themes are of interest
for further research:
(a) As mentioned in Sec. 2.2.3, the number of maxima in the input-output function of the
mechanism is not always produced in a single period due to the presence of inflection
points. Moreover, changing the other parameters of the mechanism (in all cases tested)
has resulted in converting inflection points into true maxima. When MATLAB’s
fmincon command optimization technique was used especially for examples that had
multiple maxima, optimal solution for the structural error was obtained with multiple
inflection points in the output curve. Future work is to investigate the main reasons
that cause the problem.
(b) The problem of having inflection points in most of the cases tested might be an interest
to generate periodic functions with multiple inflection points. An example may be a
periodic function that has eight maxima, but two of them are true maxima and the
others appear as inflection points. Future work is to investigate designing a chain of
drag-link four-bars added to a terminal geared five-bar with connecting rod and sliding
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output (GFBS) to generate periodic functions that have true maxima and inflection
points.
(c) The work stated that the addition of more drag-link four-bars to drive the input of
either the terminal slider-crank mechanism or terminal GFBS reduces the structural
error. In all examples presented in Chapter 5, the results showed an improvement
in matching the periodic function desired. However, the structural error ceased to
decrease after adding more drag-link four-bars than the number presented in the
examples. Future work is to investigate the prime reasons that make the error stop
decreasing. The problem may be due to numerical issues in the optimizer. In addition,
the accuracy of the output in MATLAB is 16 digits. This could be a reason especially
the calculations increase as the number of four-bars are added.
(d) The issue of matching the periodic function in the example presented in Sec. 4.10 was
not clear. Therefore, this example needs to be investigated to know the prime issues
of not generating the same periodic function. Other mechanisms that have a relation
between the input and output might be used. Some of these mechanisms are the basic
six-bar mechanisms such as Watt type and Stephenson type.
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